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Nielsen |quant-ph/010802C] showed that universal quan- 
tum computation is possible given quantum memory and the 
ability to perform projective measurements on up to 4-qubits. 
We describe an improved method that requires only 2-qubit 
measurements, which are both sufficient and necessary. We 
present a method to partially collapse the Cfc-hierarchy in 
the indirect construction of unitary gates [Gottesman and 
Chuang, Nature, 402 309 (1999)], and apply the method to 
find discrete universal sets of 2-qubit measurements. 

The standard model of quantum computation 0] re- 
quires a well defined and isolated Hilbert space. Univer- 
sal computation further requires the ability (1) to prepare 
a fiducial initial state, (2) to implement a universal set 
of gates in a quantum circuit, and (3) to perform strong 
measurements. The |0) state and the measurement along 
the computation basis {|0), |1)} are often assumed in (1) 
and (3). A set of quantum gates is universal if any uni- 
tary evolution can be approximated to arbitrary accuracy 
by a circuit involving those gates only ^ . The set of all 
1-qubit gates and the controlled-NOT (cnot) is universal, 
and so are some simple discrete sets of gates. 

Other models have been built upon the standard 
model, so as to achieve fault tolerance or to adapt to 
promising physical systems. In these models, only some 
unitary gates can be easily performed and they do not 
form a universal set. In the context of fault tolerant 
quantum computation, Shor pioneered a recipe that in- 
directly effects the Toffoli gate using an ancilla, measure- 
ments, and some other gates j|. The method was gener- 
alized iM| by understanding the connection to telepor- 
tation t ] . The generalization was applied to linear optics 
quantum computation Q. Indirect gate implementation 
was also studied in the context of programmable gate 
arrays §,§. 

More recently, Nielsen jl(| extended the above results 
to a "measurement model" of quantum computation that 
achieves the 3 requirements of the standard model us- 
ing only measurements on up to 4 qubits. Fenner and 
Zhang and independently Leung and Nielsen ]T^ ] 
then showed that 3-qubit measurements are sufficient. 
Since 2-qubit measurements are the only means of in- 
teraction in the measurement model, they are obviously 
necessary. In this paper, we show that 2-qubit measure- 
ments are also sufficient. This parallels the universality 
of 2-qubit gates in the standard model We also 

present simple discrete universal sets of 2-qubit measure- 



ment operators. 

We remark that Raussendorf and Briegel jl4| have pro- 
posed a very different measurement model which starts 
with a cluster state fi~5|| and uses only 1-qubit measure- 
ments. The cluster state is highly entangled, but can 
be prepared by 4-qubit measurements. It remains open 
whether the two measurement models are related, though 
there are striking similarities. 

Before we present our results, we review crucial ele- 
ments leading to them. We first review the Pauli and 
Clifford groups (see [|l6|-|l8| for example). Let eri,2,3 or X, 
Y, Z be the Pauli operators and cto be the 2x2 identity 
matrix. The Pauli group is generated by Pauli operators 
acting on each qubit. The Clifford group is the group 
of unitary operations that conjugate Pauli operators to 
Pauli operators. The Clifford group is generated by the 
CNOT, the phase gate P = e _4 T z ; and the Hadamard 
gate h= ±(X + Z). 

We now review the method to perform unitary gates 
indirectly. The crucial element is teleportation [||, in 
which one transmits a qubit = a|0) + b\l) using the 
following circuit: 




\v:) 



(1) 



In the circuits throughout this paper, time goes from left 
to right, single lines denote qubits, double lines denote 
classical data, single- and double-lined boxes respectively 
denote unitary gates and measurements. A gate con- 
nected to a measurement box by a double line is per- 
formed conditioned on the measurement outcome. Two 
qubits connected at the left denote a maximally entan- 
gled state |$ ) = 77|(|00) + |11)). The Bell measurement, 
labelled B, is along the Bell basis: 

|$ ) = -L(|oo) + |ii)), |$3) = -L(|oo)-|ii)), 

|$x) = -L(|01> + |10», |$ 2 > = -^(|01>-|10». 

Equation (|l]) can be verified by rewriting the initial state 
|V>)|3>o) as 

I ( |$ )|V) + l$l>(^» + |*2>MV» + |*3>M^» ) ■ 
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The Bell measurement on the first two qubits collapses 
the initial state to one of the four terms, and conditioned 
on the outcome j, <jj is applied on the last qubit to re- 
cover 

Teleportation was initially proposed as a communica- 
tion protocol, but it is also useful in indirect gate con- 
structions. In particular, to apply a gate U to a state 
\ip), one can first teleport \ip) and then apply U : 




<9 - U -U\ii) 



(2) 



which implies the following circuit: 

h/>>- 




UajW - U\ij>) 



(3) 



Note that the gate UajU^ is the same as the gates U\ 
dj , and U applied in order. Equation (^) is a recipe 
for an indirect implementation of U by preparing a state 



V2 



(J(g> £/)(|00) + |11)) and applying a Bell measurement 



and a "correction" UajW. It is indirect because the 
required ancilla 775 (7 ® f)(|00) + |11)) and the correc- 
tion Ua-jW can often be obtained without applying U 
(see [U@i,§, |,§, and 00 in the contexts of fault- 
tolerance, programmable gate arrays, and alternative 
computation models). Equation (||) can be generalized 
to any n-qubit gate. For instance, a 2-qubit gate can be 
performed using the following circuit: 





Bo 




n 






u : 


_ U((Tj l ®(Tj 3 )Ui 



U\tl>) 



(4) 



We are now ready to understand Nielsen's method to 
achieve the 3 requirements in the standard model us- 
ing nondemolition projective measurements on up to 4 
qubits. The only nontrivial requirement is to perform a 
universal set of gates. Using Eqs. (0) and (0), one can 
perform the universal set of 1-qubit gates and CNOT as 
follows. To perform a 1-qubit gate U using Eq. (^), it 
suffices to prepare the state (7 ® U)\$o), perform the 
2-qubit Bell measurement, and sometimes apply a cor- 
rection UajW (when j ^ 0). First, the 2-qubit state 
(70 U)\$>o) can be prepared by a 2-qubit projective mea- 
surement along the basis {(7® U)\$k)}k- Second, with 
probability 1/4, j — and no correction is needed. Oth- 
erwise, the 1-qubit correction gate UdjU^ can be per- 
formed recursively using Eq. (H), now with a different 



ancilla, and again with probability 1/4 no further correc- 
tion is needed. One repeats the correction until it is no 
longer necessary, which on average occurs after 4 trials. 
The CNOT, and in fact any 2-qubit gate U, can be per- 
formed analogously using Eq. ([|). The 4-qubit ancilla 
can be prepared by a 4-qubit measurement. With prob- 
ability jg, no correction is needed; otherwise, another 
2-qubit correction gate is applied recursively. On aver- 
age, 16 trials are needed. Nielsen also noted that ancilla 
preparation can be much simplified if one replaces the 
construction in Eq. (^5j) by its variant 




U\tl>) 



(5) 



and similarly for Eq. (|J). Using Eq. (||) instead of Eq. (|^), 
the state {I® U<Tk)\&o) = (7® U)\$k) makes a good an- 
cilla for any k, so that a single complete measurement is 
sufficient for the ancilla preparation. Finally, we empha- 
size that the identity and swap operations are implicitly 
used as quantum storage and as the ability to choose 
which qubit to measure. 

To prove the universality of 2-qubit measurements, we 
first make an important observation that no 2-qubit gate 
other than CNOT is needed in the above construction: 
the CNOT is in the Clifford group and all correction gates 
CNOT {<7j 1 ® <7j 2 ) CNOT are tensor products of Pauli oper- 
ators. Thus only 2-qubit measurements are used, except 
for preparing the ancilla for CNOT, which is given by 



-(7(g) Kg) CNOT)(|0000) 



= 2(10000} 



10101) 



11011) 



|0101) + 1 1010) 
+ 11110)). 



11111)) 

(6) 



This observation was made independently by Fenner and 
Zhang |ll| and by Leung [Jl2|]. In both cases, methods to 
prepare |a cn ) using 3-qubit measurements were found. 

We now prove the universality of 2-qubit projective 
measurements by showing how they can be used to pre- 
pare I a C n)- For simplicity, we focus on measurement out- 
comes that result in \a cn ). We will show later other mea- 
surement outcomes result in equally good ancillas. We 
first present the method in the state representation: 

1. Create ±(|0) + |1)) <g> |0) <g> (|00) + |11)) with 1- and 
2-qubit measurements. 

2. Apply to the 2nd and 3rd qubits the measurement 
with 2 projectors: 

P+=|$oX*o| + |$i)<*i| 

= i(|00)+|ll))((00|+(ll|) + k|01)+|10))((01|+(10|) 
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P_= |$ 2 )($2| + |3'3>(3'3 

= |(|00>-|11»«00]- 



ll|)+i(|01>-|10))((01|-(10|) 



When the outcome corresponds to P+ , the state becomes 
5^(10) + |1)) ® (|000) + |011) + |101) + |110». 

3. Measure the parity of the 1st and 3rd qubits. If 
the outcome is even, the remaining state is given by 
±(|0000) + |1011) + |0101) + |1110», which is \a cn ). 

One can interpret steps 1 and 2 as preparing in the last 3 
qubits the state § ( |000) + 101 1) + 1 101) + 1 1 10) ) by a partial 
teleportation of |0) which picks out |$o)|0) + |$i)X|0). 

We now explain the above scheme in the stabilizer lan- 
guage pq , pcj| . The stabilizer of an n-qubit state \ip) 
is an abelian group with n generators Ot such that 
0%W) — IV')- These generators specify the state up 
to a phase. If 0\ip) = \if>), UOW(U\ip)) = U\ip), 
therefore, when the state evolves as \tp) — > U\tp), each 
generator evolves as O — > UOU^ . Furthermore, sup- 
pose M is a traceless operator with eigenvalues ±1, 
and it commutes or anticommutes with each genera- 
tor. If the outcomes ±1 are obtained when measuring 
M, the generators that anticommute with M evolve as 
{N U N 2 , N 3 , ...}-» {±M, N1N2, N1N3, ■ ■ ■}. 

The stabilizer of |<3>o) 1,3 <8 | < &o}2,4 is generated by 
XIXI, ZIZI, IXIX, IZIZ, with (g> omitted. Let 

Uxi = CNOT (XI) CNOT = XX , 
Uix = CNOT (IX) CNOT = IX , 
Uzi = CNOT (ZI) CNOT = ZI , 

Viz = cnot (IZ) cnot = ZZ . 
Then, the stabilizer of |a cn ) is generated by: 



XI Uxi 

ZI Uzi 

IX Vix 

IZ Viz 



XI XX 

ZI ZI 

IX IX 

IZ ZZ 



(7) 



One can prepare a state by measuring the generators of 
its stabilizer. However, any generator set for |a cn ) con- 
tains elements of weight 3 (the weight is the number of 
nontrivial tensor components). Our strategy is to start 
with initial generators of weights 1 and 2 (corresponding 
to our initial state in step 1) and apply 2-qubit measure- 
ments IX(V X iVix) = IXXI and then ZIUzi = ZIZI 
to induce multiplications between generators that anti- 
commute with the measured operator, thereby increasing 
the weights of the generators. Assuming +1 outcomes, 
the evolution is given by: 



XI II measure XI 

IZ II IX(U X iUix) IX 

II Uxi II 

II Uiz IZ 



II 

(Uxi x Uix) 

Uxi 

Uiz 



measure ZI Uzi 
ZIUzi XX (Uxi X U IX ) 
XI Uxi 
IZ Uiz 

The final set of generators is equivalent to that in Eq. (Q) 
because multiplying one generator to another does not 
affect the stabilizer. 

So far we have focused on measurement outcomes that 
result in |a cn ). We now show that other outcomes result 
in states of the form (a k ®ai® CNOt)| $0)1,3 ® 1*0)2,4 = 
±\ ( 7W<g)(CNOT a k (g>a t ) ) ( |$ )i,3®l$o)2,4 ) which are 
also good ancillas following Eq. (||). This is because dif- 
ferent outcomes affect the resulting states only by ± signs 
of their stabilizer generators. Pauli operators applied to 
the first 2 qubits of \a cn ) also result in such signs, so that 
those resulting states are precisely (a k <£> 07 <£> //)|a cn )- 
This can also be verified in the state representation. 

We now describe a variation of Eq. (^) that partially 
collapses the C k hierarchy Q| and simplifies universality 
study in the measurement model. In Eq. (|^) , we teleport 
\if>) and then apply U. We can instead apply the gate U 
and then teleport \ip) pE: 




■u\i>) 



(8) 



The classical outcome in Eq. (||) is unchanged if U and 
the Bell measurement B are replaced by a measurement 
along the basis {(W ®/)| This gives a variant 

of Eq. (0): 




■VW) 



(9) 



Equations each uses a Bell measurement and 

a special measurement, B[j 2 (along {(/ ® U)\$k)}) f° r 
Eq. H) and B^ for Eq. @, but the functions of the 2 
measurements, ancilla preparation and teleportation, are 
interchanged. The advantage of Eq. @ is that the cor- 
rection gate is always a Pauli operator (instead of Uaj U' 
for Eq. (||)). In general, if U £ Ck, the correction gate in 
Eq. (|) is in Ci while that in Eq. (|) is in C fc _i |,|. 

We can now apply Eqs. (||) and (^) to find discrete 
universal sets of (incomplete) 2-qubit measurements that 
correspond to discrete universal sets of gates. It is known 
that the Clifford group generated by {cnot, H, p} to- 
gether with any other gate are universal p2[ . Thus 
{cnot, h, p, u} is universal for any 1-qubit gate u outside 
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the Clifford group. Applying Eqs. (|) and (|) to this uni- 
versal set, all correction gates are Pauli operators, which 
require the Bell measurement or measuring XX and ZZ. 
We also need -B H t , -Byt , and £? p t . In general, B v t is a 
measurement of (WXU)<E)X and (WZU)®Z. Thus we 
need to measure XZ for H, XY for p, and (u^Ju) <g> X 
and (v'Zv) (X) Z for u. Finally, we measure X and Z to 
prepare |0) and "^|(|0) + f° r l a cn), and for the read- 
out. However, |0)® 3 can be prepared by measuring ZZI, 
ZIZ, IZZ, and applying H gives 775 (|0) + |1)). Readout 
can be done by measuring ZZ on the measured qubit and 
an extra |0). Thus 



S ={XX, ZZ, XZ, XY, (u'lu) ® X, (u T Zu) ® Z} 

is universal. Special choices of u can further simplify the 
universal set. For instance, 

51 = {XX, ZZ, XZ, XY, (cos 9 Z + sin d Y) <g> Z} 

5 2 = {XX, ZZ, XZ, XY, (cos 9 X + sin 9 Y) <g> X} 

5 3 = {XX,ZZ,XZ,- r (X + Y)®X} 

v2 

are universal sets of measurement operators correspond- 



ing to u = e l 2- 



and 



respectively (9 ^ 



rmr/2 for m an integer). S3 corresponds to the universal 
set of gates {e" l f z , h, cnot}, 

To conclude, we have shown how to perform universal 
quantum computation using only 2-qubit measurements, 
which are optimal in the number of qubits to be jointly 
measured. We describe improved methods for performing 
gates by measurements, leading to simple discrete univer- 
sal sets of 2-qubit measurements. Our method requires 
incomplete measurement, and suggests intrinsic differ- 
ences between complete and incomplete measurements. 
Finally, though experimental advantages due to JTo[ ] and 
the present work are yet to be found, alternative models 
for quantum computation and their universality require- 
ments are important for new experimental directions and 
insights on what makes quantum computation powerful. 
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